Abstract. We relate certain models of Axiomatic Domain Theory (ADT) and Synthetic Domain Theory (SDT). On the one hand, we introduce a class of non-elementary models of SDT and show that the domains in them yield models of ADT. On the other hand, for each model of ADT in a wide class we construct a model of SDT such that the domains in it provide a model of ADT which conservatively extends the original model.
Introduction
The aim of Axiomatic Domain Theory (ADT) is to axiomatise the structure needed on a category so that its objects can be considered to be domains (see 11, x Axiomatic Domain Theory]).
Models of axiomatic domain theory are given with respect to an enrichment base provided by a model of intuitionistic linear type theory 2, 3] . These enrichment structures consist of a monoidal adjunction C ?! ? ? D between a cartesian closed category C and a symmetric monoidal closed category with nite products D, as well as with an !-inductive xed-point object (De nition 1.11 (2) ). Roughly speaking, an !-inductive xed-point object is an initial algebra (for the endofunctor underlying the monad induced by the adjunction) arising as the colimit of a standard !-chain, equipped with a global element invariant under successor. With respect to such a structure, a model of axiomatic domain theory is a D-category which is closed under suitable C-enriched type constructors (as, for example, products, higher types, and sums) and is C-algebraically compact.
The rôle of algebraic compactness is to provide a universal method of solving recursive type equations 15]; in this context algebraic compactness is guaranteed by the usual completeness conditions on the model 28].
The canonical example of an enrichment base is obtained by taking:
{ C = Cpo, the category of small cpos |!-complete partial orders| and continuous functions; { D = Cppo ? , the category of small cppos |!-complete pointed partial orders| and strict continuous functions, with the symmetric monoidal closed structure given by the Sierpinski space, smash products, and strict exponentials; and { the adjunction Cpo ?! ? ? Cppo ? with left adjoint given by lifting.
In this example, the inductive xed-point object is the ordinal ! + 1 equipped with its limit point !.
A typical model, with respect to the above enrichment base, is pCpo (the category of small cpos and partial continuous functions 27]); it has partial products, Kleisli (or partial) exponentials and nite coproducts (all yielding Cpo-functors), and it is Cpo-algebraically compact 8] . This example is representative of the class of models that we consider in this paper in that the lifting monad L on Cpo allows us to recover the other data. Indeed, we have that Cppo ? = Cpo L (the category of Eilenberg-Moore algebras for L) and that pCpo = Cpo L (the Kleisli category for L). Moreover, as is well-known, the smash product is characterised by the property that for cppos P and Q, the canonical bistrict map P Q ! P Q is universal among bistrict maps.
The models that we consider generalise the above example and are those given by a category C equipped with an initial object, a cartesian closed structure, a lifting monad L, and an inductive xed-point object such that C L has tensor products and linear exponentials (respectively axiomatising smash products and strict exponentials) and C L is C-algebraically compact. It follows that C L is cartesian and that C L has partial products and Kleisli exponentials yielding C-functors. ( In this paper we do not assume our models to have binary coproducts; however it seems possible to extend our analysis to obtain analogous results for this situation.) The slogan of Synthetic Domain Theory (SDT) is that domains are sets and all functions between them are continuous (see 11, x Synthetic Domain Theory]).
Thus, within a suitable universe of sets, generally taken to be a topos, one wishes to identify the sets which behave like domains. In this paper, following a suggestion of Hyland, we relate the axiomatic and synthetic viewpoints. In fact, we give a non-elementary version of SDT yielding a category of domains that complies with the axiomatic requirements (Theorem 3.1). And, as a main result (Theorem 3.4), for every small (Kleisli) ADT model (De nition 1.12 (2)) we construct a (Grothendieck) model of our SDT (De nition 2.13) whose domains yield a (Kleisli) ADT model conservatively extending the original model.
Axiomatic domain theory
We introduce the concepts and results of ADT needed in the rest of the paper. In Subsections 1.1 and 1.2 we recall the notions of lifting monad, tensor products and linear exponentials, and study them in presheaf toposes. In Subsections 1.3 and 1.4, we further recall the notions of partial products and Kleisli exponentials, and algebraic compactness, which respectively permit the interpretation of simple types (in Kleisli categories) and of recursive types. Finally, in Section 1.5 we de ne the class of ADT models that we will be interested in. Remark. In the context of SDT, the notion of dominance is only de ned by the second requirement, as the rst requirement generally holds in the universes of sets considered (e.g. locally cartesian closed categories with nite limits, such as toposes or quasitoposes).
Convention. We will use , ! to indicate >-subobjects.
A dominance > : 1 , ! in a category C allows one to consider partial maps with domain of de nition a >-subobject and action a C-map. To this end, one de nes a >-partial map Convention. We refer to the monad induced by a dominance as the lifting monad and denote it L; its underlying endofunctor and unit are respectively denoted L and (this is consistent with the notation already used in (1)).
Further, the Kleisli category for a monad T on a category C is denoted C T .
Given a dominance > : 1 , ! on a category C, the Kleisli category C L is isomorphic to the category of >-partial maps as described above; and hence from now on we will feel free to regard a morphism A ! B in C L either as a morphism A ! LB in C or as a >-partial map A * B. Proposition 1.3. In a category with a strict initial object 0 and a dominance > : 1 
Proof.
(1) Because 0 is initial in A. ( 2) The rst part follows from Theorem 1.4 using that the >-subobjects of a sheaf inÃ are exactly the >-subobjects in b
A. The second part follows from: Proposition 1.6. ( 32] ) Let S be a topos equipped with a dominance > : 1 , ! . For every topology j in S, if is a j-sheaf then the lifting in S preserves the property of being a j-sheaf. u t u t
In the situation of the above corollary, the following result provides a description of lifting which is useful for determining its preservation properties with respect to colimits. Theorem 1.7. Let A be a small category with a strict initial object 0 and a dominance > : 1 , ! for which the map 0 ! 1 is a >-subobject.
2. L :Ã !Ã preserves non-empty connected colimits. Proof.
(1) For P 2 j b A j, L ! P can be explicitly described as the P-valued partial maps with domain of de nition a >-subobject in A. Formally, we have
The unit of the adjunction P ! L L ! P is given by (A ! P) 7 ! LA -A ! P]. For P 2 jÃ j, it follows by construction that L ! P 2 jÃ j; moreover P , ! L ! P given by (A ! P) 7 ! A -A ! P] is a classi er of >-partial maps with target P inÃ. ! LQ is colimiting inÃ. u t
Remark. Note that the proof of Theorem 1.7 (1) provides an explicit description of the lifting monad.
Tensor products and linear exponentials
We summarise standard material on tensor products and linear exponentials in categories of Eilenberg-Moore algebras (see 20, 21, 6, 18] ) and study them in categories of lift-algebras over presheaf toposes.
Let T = (T; ; ; st) be a commutative monad on a cartesian category C. We The category of Eilenberg-Moore algebras and homomorphisms for a monad T on a category C is denoted C T . The structure map on an algebra X is denoted by X but generally left implicit. Algebra homomorphisms are indicated by !. When we write X ! Y , the objects X and Y are assumed to be algebras. 
In the context of the lifting monad over a presheaf topos we have: C T C T ! C T acts as (A; B) 7 ! A B on objects and as (f; g) 7 ! dst (f g) on morphisms. As usual for higher types, exponentiation arises as a right adjoint to multiplication. In this case for every A 2 j C j, we set A a A * * : C T ! C and call A * *B, whenever it exists, the Kleisli exponential. When C is cartesian closed, A * *B exists and is simply given 2. (Free invariant object) For an endofunctor, an invariant object is said to be free if it is both an initial algebra and a nal coalgebra.
3. (Algebraic compactness) For a cartesian category V, a V-category is said to be V-algebraically compact if (the underlying endofunctor of) every V-endofunctor on it admits a free invariant object. u t
Remark. In general a stronger de nition of algebraic compactness based on a notion of parametric free invariant object 28, 29] is more appropriate; however we do not go into the details here, as in the context of this paper both de nitions are equivalent.
Kleisli ADT models
After introducing the notion of inductive xed-point object we will be in a position to de ne Kleisli ADT models.
De nition 1.11. Consider a category with an initial object and a dominance. The essential di erence between our xed-point object and the one previously considered in 5] is its inductive nature, in that we require it to arise as the colimit of the standard chain generated by iterating the lifting functor.
De nition 1.12. 1. (Monadic base) A (lifting) monadic (enrichment) base is given by a category C equipped with an initial object, a cartesian closed structure, a dominance, and an inductive xed-point object such that C L has tensor products and linear exponentials. Remark. A subtle consequence of the above de nition is that the map 0 ! 1 is a >-subobject. Indeed, observing that 0 is initial, and hence also terminal, in C L (as C L is C-algebraically compact), the claim follows from the existence of a partial map 1 * 0 using that 0 is strict. Hence, the dominance > : 1 , ! cannot be trivial unless C is.
Algebraic compactness may be achieved under certain completeness conditions (see e.g. 8, 28]) for so-called ep-sequences. Rather than de ning epsequences we will observe the following which we need later.
Let C be a monadic base and let K be a C L -category.
1. Ep-sequences in K are chains of retractions equipped with certain extra structure.
2. In K the limit/colimit coincidence 35] holds for ep-sequences 28]. 3. Assuming that K has an enriched zero object 0, every C-endofunctor F on K induces the standard ep-sequence hF n (0 ! F0)i whose bilimit, whenever it exists, is preserved by the functor. Theorem 1.13. ( 28] ) If K has an enriched zero object and bilimits of ep-sequences then it is C-algebraically compact. u t For a monadic base C, we may apply the above remarks to the C-endofunctor 
Synthetic domain theory
We develop a non-elementary version of SDT. On the one hand, we follow closely the approach of Longley and Simpson 22, 23] in that we adopt their completeness axiom (Axiom 1) and identify domains with well-complete objects (De nition 2.6 (2)); on the other hand, we depart notably from their approach in that we impose a non-elementary axiom (Axiom 3) stating that the initial lift-algebra in the ambient topos is inductive, in that it arises as a colimit of the standard chain.
Orthogonality
Orthogonality 12] plays a crucial rôle in understanding well-complete objects (see Theorem 2.7 (1)), in this subsection we recall the notion together with various useful observations about it.
De nition 2.1 (Orthogonality). u t
Intuitively, an object is orthogonal to a map whenever it believes (or, as Lawvere will put it, perceives) that the map is iso. Internal orthogonality corresponds to a parameterised version of orthogonality. Proposition 2.2. In a cartesian closed category C,
1. An object is internally orthogonal to a map g if and only if it is orthogonal to g C, for every object C. 2. For a colimiting cone : ! C : G ! C, if an object is orthogonal to g n for every n 2 j G j, then it is orthogonal to g C. u t Proposition 2.3. 1. If an object is orthogonal to a map then so is every retract of the object.
2. The embedding O(C; J) , ! C creates limits. u t Proposition 2.4. Let C be a cartesian closed category and let J be a class of maps in C satisfying the following closure property:
(Parameterisation) For g 2 J and C 2 j C j, g C 2 J. Then, O(C; J) is a full sub-cartesian exponential ideal of C. u t
SDT models
We assume a topos S with NNO N and equipped with a dominance > : 1 , ! .
We have that is a subobject of the subobject classi er ; in fact, 2. (Well-complete object) An object A is well-complete whenever LA is complete.
We write WC(S) for the full subcategory of well-complete objects in S. u t Intuitively, an object A is complete whenever it believes that every \para-meterised I-chain in A" has a unique \extension" to a \parameterised F-chain in A" (see Proposition 2.2 (1)).
Notice that an object A is well-complete if and only if it is orthogonal, with respect to >-partial maps, to C : I C >! F C for every C. That is, when for every >-partial map I C * A there exists a unique >-partial map F C * A such that (I C * A) = (I C >! F C * A).
Axiom 1 (Completeness axiom 23])
. is complete.
u t The completeness axiom establishes, for every C 2 j S j, a bijective correspondence ( C) ?1 ( ) : Sub(F C) = S(F C; ) = S(I C; ) = Sub(I C) f 7 ! f ( C) (3) where Sub(A) denotes the collection of >-subobjects of A.
We characterise well-completeness in terms of orthogonality and study closure properties of well-complete objects.
Theorem 2.7. u t Axiom 2 ( 17] ). The map 0 ! 1 is a >-subobject. u t Corollary 2.10. The initial object in S is also initial in WC(S). (1)) is colimiting in S. u t Proposition 2.12. In WC(S), the cone h' ?1 i : ! F is colimiting; and hence F becomes an inductive xed-point object.
Proof. Let : : ! C be a cone with C a well-complete object. As is the unique mediating morphism between h i and h' ?1 i and C is orthogonal to it, we have that a map F ! C mediates between h' ?1 i and if and only if, for I ! C the unique mediating morphism between h i and , (I ! C) = (I > ! F ! C). u t Finally, we are in a position to de ne Grothendieck SDT models.
De nition 2.13 (GSDT model). A Grothendieck SDT model is given by a
Grothendieck topos equipped with a dominance such that its induced lifting functor has rank (i.e. it preserves -ltered colimits for some regular cardinal ), in which Axioms 1{3 hold. u t Remark. The above should only be taken as a working de nition. For example, if in the notion of GSDT model we replace the condition \the lifting functor has rank" by \the lifting functor preserves re exive coequalisers" our results remain valid.
As lifting preserves non-empty connected limits 17, Proposition 2.2.1], in GSDT models the nal lift-coalgebra can be computed as the limit of the chain hL n (1 )i. Example 2.14. The presheaf toposes on 1. the monoid of continuous endomorphisms on ! + 1, and 2. the monoid of stable endomorphisms on (! + 1) 2 (where 2 denotes the Sierpinski space) are GSDT models.
Remark. Re nements of these models have been introduced and studied in 14]. u t
In GSDT models, an extrinsic characterisation of the well-complete objects is available. Proof. We only show that WC(S) is re ective in S. We will use the following: for a locally presentable category C and a set J of maps in it, O(C; J) is re ective in C (see 4, Corollary I.5.4.8]).
Since Grothendieck toposes are locally presentable, it is enough to show that WC(S) = O(S; J P ) for some set J P . Indeed, we may take
where PS is a set of representatives of the presentable objects in S. Remark. An argument that relies on the completeness (rather than the cocompleteness) of WC(S) is also available: for every ep-sequence hA n ( ! A n+1 i in WC(S) L , the sequence hL(A n ( ! A n+1 )i is an ep-sequence in WC(S) ( Theorem 3.4 (Conservative-extension theorem). Let C be a small monadic base yielding a KADT model.
1. The Yoneda embedding C , !C preserves the initial object, limits, exponentials, the nal lift-coalgebra, and the dominance. Moreover,
2. The Yoneda embedding C , !C cuts down to an embedding C , ! WC(C). 3 . The toposC is a GSDT model; and hence WC(C) is a monadic base yielding a KADT model.
The embeddings C , ! WC(C) , !C preserve the initial object, limits, exponentials, the nal lift-coalgebra, and the dominance. Moreover, 
a free F-invariant object becomes a free F 0 -invariant object.
Proof. (1) We only note that the embedding C , !C preserves the nal liftcoalgebra because, by (2), it is computed as a limit.
(2) By Corollary 2.8 we need only show that every object in C is complete.
Recall that the lifting onC preserves connected colimits (Theorem 1.7 (2) 
u t
Remark. There is an alternative synthetic viewpoint of domains ( a la 17, 36]) via replete objects 16]. In general a conservative-extension result in which domains are taken to be the replete objects (rather than the well-complete ones) is impossible, because embeddings that preserve dominances re ect the property of being a replete object and there are models of ADT in which not every object is replete (e.g. in the category Cpo as recently discovered by Makkai and Rosolini 33] , and in the category VPoset^introduced in 10]).
Comments on our approach
This paper is an initial investigation of the relation between axiomatic and synthetic domain theory. For this, we had to restrict both the axiomatic and the synthetic ( a la 22, 23]) approaches.
{ On the axiomatic side, one may, more generally, work with models arising from an arbitrary commutative monad or even from a monoidal adjunction, and may also work with other models than the Kleisli category (e.g. the category of Eilenberg-Moore algebras). Since the synthetic approach is currently restricted to lifting monads we restricted the axiomatic models to those arising from them.
Concerning the extension of ADT models based on Eilenberg-Moore algebras to SDT models we only have partial results (among which is Corollary 3.3).
{ On the synthetic side, the trend has been to investigate realisability models 30, 26, 13, 23] (though see 30, 36, 14] ). Here our main means for nding models of ADT within models of SDT (via well-complete objects 23]) is a non-elementary axiom (Axiom 3) that is not satis ed in that setting. In this context it is worth noting our extrinsic characterisation of well-complete objects (Theorem 2.15) which is not known to hold of realisability models. Therefore reconciling both approaches completely is an open problem.
